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Abstract. We discuss exactly solvable Schrodinger Hamiltonians corresponding to a surface
delta interaction supported by a sphere and various generalisations thereof. First we treat
the pure & sphere model: self-adjointness of the Hamiltonian, spectral properties, stationary
scattering theory, approximation by scaled short-range Hamiltonians. Next we extend the
model by adding a point interaction at the centre of the sphere or, alternatively, a Coulomb
interaction. Finally the whole analysis is extended to the case of a 8’ sphere interaction,
first taken alone, then superimposed on a point interaction or a Coulomb potential.

1. Introduction

Point interactions are by now a well understood part of quantum mechanics, both
physically and mathematically. They have a long history, with strong physical motiva-
tion (such as the Kronig-Penney model of a crystal) and a huge literature. A full
review of the subject is given in a forthcoming monograph [1].

One of the main interests of point interactions is their exact solvability. This
advantage is shared by another class of interactions, the so-called 8 sphere and &’
sphere models which are the subjects of the present paper.

The & sphere interaction, formally given in three dimensions by the Hamiltonian

=~A+ad(|x| - R), also has a venerable history. It is often presented as an example
in textbooks on quantum mechanics [2], but only in its simplest form. A more complete
analysis, but still at the formal level, has been given by Romo [3], Kok et al [4] (see
also the review [5]), and more recently by Mur and Popov [6], for the case of a &
sphere interaction superimposed on a Coulomb potential.

The physical motivation was coming mainly from nuclear physics, where the model
introduced by Green and Moszkowski[7] under the name spi (surface delta interaction)
has been popular for some time [8-12]. Other applications may be found in molecular
[13] and solid state physics [14, 15]. Yet a precise mathematical treatment was still
missing, and the present paper aims at filling this gap.
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Among several generalisations to be discussed below, the 8’ sphere interaction is
of particular interest. This model, obtained formally by replacing 8 by &' in H above,
is also exactly solvable and is new as far as we know. We will analyse it below,
following step by step the treatment of the first model.

The paper is organised as follows. In § 2 we introduce the & sphere interaction,
the self-adjoint Hamiltonian being defined by a straightforward application of the
theory of extensions of symmetric operators. We also discuss the spectral properties
and scattering data for the model, some of which have been obtained previously [3-6].
Obviously the § sphere interaction in three dimensions has spherical symmetry. Thus
a partial wave decomposition is in order. Noteworthy is the fact that here, contrary
to the case of a point interaction, the interaction is felt in all partial waves, as expected.
It turns out that the 8 sphere model stands in between the point interaction (it is
discrete in the radial direction) and a local spherical potential, and shares some aspects
of both. In fact the model may be approximated, in the norm resolvent sense, by local,
scaled short-range interactions and all spherical and scattering data converge nicely.
These aspects are discussed in detail in § 3. Next we considerin §§ 4 and 5, respectively,
the & sphere interaction with another spherically symmetric interaction superimposed
on it: first a point interaction localised at the centre of the sphere, then a Coulomb
potential. Our treatment is brief since the whole technical machinery developed in § 2
may be adapted straightforwardly.

The last part of the paper, §8 6-8, is devoted to the &' sphere model. First we
define and study it alone, then in the background of a point interaction or a Coulomb
potential. Here too we follow closely the analysis of § 2, with similar results.

Various generalisations are obvious: n-dimensional models (n=2), interactions
supported by several concentric spheres [16], interactions localised on hypersurfaces
{cf, e.g., [17]). Other variants, such as a two-8-sphere problem with crossed boundary
conditions, are presently under study and will be reported on elsewhere [18].

2. The & sphere interaction

In this section we provide a rigorous study of the quantum mechanical Hamiltonian
describing a & interaction centred on a sphere of radius R >0 in three dimensions,
formally given by

—-A+ad(|x|-R) R>0. (2.1)

Let H denote the closed, non-negative minimal operator in L*(R®) ([A]™ means the
closure of A):

H=[-A|CF(R\6K (0, R))] R>0 (2.2)

where K (0, R) represents the closed ball of radius R >0 in R’ centred at the origin
(since R>0 will be fixed throughout the paper, we henceforth omit the index R
whenever possible). According to the spherical symmetry of the problem, we decom-
pose L*(R*) with respect to angular momenta, i.e.

Lz(R3)=[é U'LY(0,o)®[ Y, ..., Y] (2.3)

where the spherical harmonics Y7, IeNy, —/<m =<1 provide a basis for L*S?) (S?
the unit sphere in R?) and [...] abbreviates the linear span of vectors in L*(S$?). In
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addition U denotes the unitary operator:
U: L*((0, ); r* dr) > L*((0, %)) S (U (r) = 1f(r) r>0. (2.4)

With respect to this decomposition we obtain

H=é UT'hU®1. (2.5)

=0

The operators 4, in L*((0, %)) are given by

. d> IU+1)

h,=—p+—(—;2—‘

D(hy) ={fe L*((0,0))|f, /'€ ACioc((0, 00)); £(0,) =0 if I=0; f(R.)=0; (2.6)
~f"+ 11+ 1)r *fe L*((0, 0))} leN,

where AC,,.(Q1) denotes the set of locally absol'utely c'ontinuous functions on Q<R
and f(x.)=lim, ., f(x£¢). Thus the adjoint H* of H is

H*=® U U1 (2.7)
=0

where
D(hF)={fe L*((0,0))|f, f € ACioc((0, )\{R}); f(0,) =0 if I=0; f(R.)=f(R_):

—f"+1(1+1)r *fe L*((0, ©))} leN,. (2.8)
In particular the equation
hidi(k) =k (k) ¢i(k) e D(hF) Imk>0 leNo (2.9)
has the unique solution

1: Rl/ZH(l) (kR)rl/ZJ (kr) r<R
kr)= 2T 1+1/2 1+1/2 2.10

¢,( ,r) {%i’TTR1/2J1+1/2(kR)rl/ijl.)l/z(kr) r= R, Im k>0 ( )

where H‘V”‘(-), J,(+) denote Hankel (resp Bessel) functions of order » [19]. Con-
sequently hy, IeN,, has deficiency indices (1, 1) and all self-adjoint extensions may
be parametrised as follows [20]:
d> I+
&L+
dr r
D(hyo,) ={f € L*((0,0))|f, '€ ACo.((0, 0)\{R}); £(0.) =0 if I =0;
f(RL)=f(R)=F(R); f'(R,)—f'(R_) = ayf (R);
—f"+ I+ 1)r*fe L*((0, )} —o<a <o, leN,. (2.11)
The case a,, =c0 for some /,eN in (2.11) describes a Dirichlet boundary condition at
R whereas the case a;=0 coincides with the free (i.e. unperturbed) kinetic energy
Hamiltonian h;, for fixed angular momentum /. We also note that (2.11) obviously

defines accretive extensions of ik, if Im a; <0. Now we are in position to define the
model (2.1) in a rigorous way. Let @ ={a,},cn, and introduce in L*(R*) the operator

hl,a, =

H,=3® U 'h, U®]1. (2.12)
1=0
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By definition H, represents the & sphere interaction concentrated on the sphere of
radius R centred at the origin. Actually it defines a slight generalisation of (2.1) since
a may depend on /eN,. By the discussion above, the case a = (i.e. a; =, leNy)
represents the Laplacian with a Dirichlet boundary condition on 4K (0, R) whereas
the case a =0 (i.e. o, =0, /e Ny) yields the kinetic energy operator

H,=-A D(H,) = H*(R?) (2.13)
(H™"(R?) the standard Sobolev space [21]).

Remark 2.1. The above treatment trivially generalises to n=2 dimensions replacing
equation (2.3) by L*(R") = U, 'L*((0,©0))® L*($"™})
equation (2.4) by U, : L*((0, o); r" ' dr) » L*((0, ©))
f= (U ry=r"""21(r) r>0
Iby I+4(n-3)
f(0.)=0if I=0in (2.7) and (2.11) by f, =0, where (cf, e.g., [22, 23])

lixgl[rl/zln r17'f(r) n=2
Ja=9 £(0,) n=3
0 n=4,

Next we turn to the resolvents of h;,, and H,. Krein’s formula [24] and a straightfor-
ward computation (cf, e.g., [1]) yields

(hiay = k)7 = (hio = k%) + (k) (di(=K), - ) (k)

2 (2.14)
k Ep(hl.al) Imk>0 IENO
(p(-) is the resolvent set) where
mi(k) = —a(1+ ;g (R, R))™ (2.15)
with
i = (ho—k*)™ Im k>0 (2.16)
the free resolvent with integral kernel
iz rl/zHﬁ)vz(kr)r,l/zjlﬂ/z(k”) rsr
gxlr r)= - Imk=0. (2.17)
iE rRHY (ke e 2 oK) rer

We observe that
dilk, ) =g (R, 1) Im k> 0. (2.18)
As a consequence of (2.12) and (2.14) we infer that

o i
(H, -k '= (Ho—kz)“+l@ D wk( [T a(=k) Y, O[T (k) YT

=0 m=—1{
k*ep(H,), Imk>0. (2.19)

Using (2.19) one can show that H, defines a local interaction, i.e. ¢ e P(H,), and
¢ =0in an open set 0 <R’ implies H,4y =0 in 0.
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For various reasons it is interesting to know under which conditions on «
(H,-k*)'=(H,—k*)"'e €,(LX(R") for some peN, k’<p(H,) (2.20)
(%,(-) are the usual trace ideals [25]). Obviously

x x p
|(Ho k)7 = (Ho= k) "7 = & 21+ 1>iu,(k)\”(J dridi(k, r)iz) : (2.21)
=0 O

The integral in (2.21) can be performed explicitly ([26], p 254) and together with
standard asymptotic expansions of Bessel functions [19] a tedious calculation shows
(cf also the proof of lemma 2.2)

J drlei(k, NP = O(™). (2.22)
0 >
In the special case where @, = a €R, (2.20) holds for all p>1. Equation (2.20) is true

for all p=1 whenever

la)| < constant x [2P737°/7 for some &> Q. (2.23)

The next result describes under which circumstances the & sphere interaction
converges to a point interaction centred at the origin as the radius of the sphere shrinks
to zero.

Lemma 2.2. Denote by —A, the point interaction of strength n centred at the origin
defined [1] by

(=4, k%) =(Ho= k") '+ [n—(ik/4m)] (G, ) Gr

k*ep(—4,), Imk>0, -wo<n=ow© (2.24)
where

Gy (x) = (47|x|) " exp(ik|x|) xeR\{0}, Imk=0. (2.25)
Let

ao(R)=—R '"+47n+0(1) for some neR as R->0. (2.26)

and o, €R, [ =1, be independent of R with a;=0(I"%) as I >, for some £>0. Then
n—lim (Hog =k = (=8, - k)"

5 , (2.27)
a(R)={ay(R), a;,a,...} k eP(Ha(R))mP(_An)-

For fixed partial waves the operators h, ,, in connection with the partial wave decomposi-
tion (2.12) of H, g, converge to the corresponding operators in the partial wave
expansion associated with —A, in norm resolvent sense as R - 0., under the condition
(2.26) for ay(R) and under the only conditions a;€R, a, independent of R for /=1,
(In particular h,,, converges to h;, in norm resolvent sense as R0, for all /=1.)

Proof. We first consider the case /=0. For Im k>0 define rank one operators in
L*((0, ©)) of the type
Do(R) = polk, R)(@o(—k), ) bo(k) (2.28)
Eo(R)=[n = (ik/4m)]"'(4m)*(exp(~ik|-]), ) exp(ik|-|) (2.29)
Fo(R) = po(k, R)k ™ sin*(kR)(exp(—ik|-]), - ) exp(ik]|-]). (2.30)
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Then trivially | Ei(R)— Fo(R)||> 0 as R~ 0,. By dominated convergence one finally
infers that | Do(R) — Fo(R)||,> 0 as R—>0.. Next we turnto /=1. Clearly it is enough
to verify norm resolvent convergence for k =ik, « > 0. From (2.10) and (2.14) we obtain

x

“(hl_a,_kz)_l —(hl,o—kz)”II = lu,(k)\ J d’|¢1(k, ’)‘2

0

R o
=|,U-l(k)|(J. drRKIZH/Z(KR)"I%H/.?(K’)‘*'j drRI%+1/2(KR)rK12+1/2(Kr)>
R

0
= (I)+(II) (2.31)
(I,(-) and K, () are modified Bessel functions of order » [19]). Using the bound [27]
L(x)K (x)<(2v)™! v>0 x=0 (2.32)

and the fact that [,(x), v=0, x =0, is strictly increasing with respect to x =0, we have
for the first part in (2.31)

(D s (k)R T4y 2(kR)K 71y () R) < |, (k)| R*(21+ 1) 2 (2.33)
For the second part we use [26, p 254] to obtain
(I1) = e (K) 2R T 712 KR) (K32 KR) K1y 2(KR) = Ky 2(kR))
= | (k)

%R3I%+1/2(KR)

21+1
X [Kl—l/2(KR)<KI—1/2(KR)+7 wa/z(KR)) - K12+1/2(KR)]- (2.34)

The first and the third terms in (2.34) can now be estimated as in (2.33) using (2.32)
and the fact that K, (x), x =0, is strictly increasing with respect to v =0. To treat the
second term we rewrite

21+1
W Il+1/z(KR)K/~1/2(KR)11+1/2(KR)K1+1/2(KR)

= 'II—I/Z(KR) - II+3/2(KR)|KI—1/2(KR)(21+ 1)~
=Q2I-D7'QI+DTT I+
< Cl™? I=1 (2.35)

where standard recursion relations for modified Bessel functions and repeated use of
(2.32) have been applied. Thus

“(hz,a, -k - (hio— kz)AlH = 1#1(k)|c'1_2R3
<C"I"**R? (2.36)

for 1= 1 large enough (one has indeed, for xR sufficiently small, |, (ix)| < C|a|; see
also figure 1 and the proof of theorem 2.3 below). This, together with the angular
momentum decomposition (2.19) of H, and the corresponding analogues for H, and
—4,, completes the proof.
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Figure 1. Qualitative behaviour of the functions I,K, and I,K, + 1> of (2.39) (resp (2.44)).

A closer inspection of the proof above shows that, for =1, a; could also depend on
R, but we omit the details.

Concerning spectral properties of h;,, we state the following theorem (o (- ), 7.(.),
a..(.), o(.) and o,(.) denote the spectrum, essential spectrum, absolutely continuous
spectrum, singular continuous spectrum and point spectrum respectively).

Theorem 2.3. For all —o<a;=<0, leN,, we obtain
Uess(hl,a,) = Uac( hl‘a,) = [03 CD) Usc( hl_zx/) = @ (237)
Moreover for all o, eR, [eN,

Tp(hie)N[0,00) = (2.38)

whereas for a; =, h;., €Ny, has infinitely many eigenvalues embedded in (0, «¢)
accumulating at infinity. Negative eigenvalues of b, are determined from the equation

1+ g ~e(R, R)
=1+aRl.,(v-ER)K; (¥ —ER)=0 E <0 leN; (2.39)
implying that

% aR=-(21+1)

{Eo} R <-(21+1) @ cR len, (240)

Tplhia,) ={

where E; <0 is a solution of (2.39).

Proof. The first part of (2.37) follows from Weyl’s theorem ([28], p 112) and (2.14),
the second part from theorem XII11.20 in [28]. By inspection the equation

=ik, r) I+ 1)k, 1) = K (k, r) leN, (2.41)
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where ¢, (k, .), k =0, fulfils the boundary conditions in (2.11) with «, € R, can be solved
uniquely in terms of Bessel functions which are not in L*((0, %)). Thus (2.38) results.
For a, =0, the Dirichlet boundary condition at R decouples k. into a direct sum

b= BV @AY

according to L*((0, %)) = L*((0, R))@® L*((R, ©)). Hence h{" in L*((0, R)) has a pure
point spectrum in (0, o) accumulating at infinity, namely {k,=nw/R,n=1,2,...}.
(h{¥in L*((R, c©)) is unitarily equivalent to h,yin L*((0, 0)).) The bound-state equation
(2.39) (derived by using a Bessel function ansatz in (2.41) and the boundary conditions
in (2.11)) can be easily analysed as follows. Since h;=0 and def(h,)=(1,1), leN,,
every self-adjoint extension of A, can have at most one negative eigenvalue [29]. Since
I(x)K,(x), »>0, is easily seen to be monotonically decreasing for x > 0 small (resp
large) enough and I,(x)K,(x)e C~ ({0, )), >0, we conclude that actually

L LK 6)<0  x20 (2.42)
dx

since otherwise h,,, would have more than one negative eigenvalue. The bound (2.32)
(cf figure 1) then completes the proof.

In the special case a;=a €R, IeN,, theorem 2.3 implies that H, has finitely many
bound states since o,(h,)= for I=[[-(aR+1)/2]], where [[x]] denotes the
smallest integer larger than or equal to xeR.

Next we turn to a brief description of resonances of h;,,. A more detailed analysis
including numerical results may be found in [3] for / =0 and in [4] for /= 0. As usual
[30] resonances are defined as poles of the resolvent (2.14) (resp (2.19)) in the
unphysical sheet Im k< 0. Taking a,€R, IeN,, the resonance equation becomes (cf
(2.14) and (2.39)):

1+a,g,,k(R, R)=0 Im k <0. (243)

We first discuss poles on the negative imaginary k axis. Let k = —ix, x > 0; then analytic
continuation of Bessel functions in (2.43) yields

1+ aRI . ,2(xR)K . ,,(xR) + 7Ta,R112+1//2(xR)=0 x>0. (2.44)

Using the bound (2.32) and monotonicity of I,,,,,(+) in [0, 20) proves that (2.44) has
exactly one solution x,> 0 for ¢,R > —(2/+1) (in the case &R = —(2/+ 1) one obtains
a zero energy resonance, i.e. xo=0). This is illustrated in figure 1. The two cases may
be described simultaneously, in terms of a single pole of the resolvent, running down
the imaginary axis as the coupling constant a; varies. It is convenient [3] to introduce
the quantity w, = —(a,R) ™" and let it vary from 0 to «. For w, = 0., the pole is at +icc,
corresponding to a bound state with infinite binding energy. As w, increases, the pole
moves down the imaginary axis and the binding energy decreases. At w,=(2/41)7"
the bound state turns into a zero energy resonance. When w, increases from (2/+1)""
to +c0, the pole moves down to —i%, corresponding to an increasingly broad resonance
(see figure 2).
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ImkR|wy—0,
® bound state
D<w<t
wy=1 e wp=0 wy=0 wy=0
-1/2 n/2 n/ 3n/2 Re kR

2n,” SnI/2

3

L
Resonance
18 we o

. . . i ' !
Wo—>- | Wgs+a ! Wyr-coi Wo-bbcn" Wy Wereo Wprmeo [Wpst

Syﬁefry

Figure 2. The trajectory of the poles of Sy(k) as a function of wy=—(a R)™".

In addition there is an infinite number of resonances off the imaginary axis; we
describe only those with Re k> 0, the whole picture being symmetric with respect to
the imaginary axis. For I =0 one gets the following situation, in terms of wy,= —(aoR) ™"
[3]:

(i) for wy= —¢ (i.e. for a very weak repulsive potential) the poles are located at
2k,R=02n—-1)mr—icc forn=1,2,...;

(ii) as w, increases, each pole moves up towards the real axis, bending to the right
and reaching the real axis from below at the limiting point k,R = n# for w,=0: this
is the pure point spectrum corresponding to a, = 0, i.e. the Dirichlet boundary condi-
tion at |x|=R;

(iii) as w, continues to increase beyond zero, each pole moves to the right and
down, its trajectory bends back, passes through a point of inflection and asymptotically
approaches the limit 2k,R = 2nm —ico,

The whole behaviour is illustrated in figure 2, based on [3]. The situation for />0
is entirely similar and may be extracted from the results of [4].

Finally we briefly describe stationary scattering theory for the pair (h,,,, h,). The
scattering wavefunction ¢, (k, r) associated with h;,, must satisfy (2.41) with k>0
and the boundary conditions in (2.11) with a, € R. A Bessel function ansatz then yields

Cl(k)r1/2][+1/2(kr) 0<r<sR
bra,(k, 1) =4 CUR)Ci (k)P 2Ty 5 (k) + Co g ()P 2 Y V2 (k)]
rzR k>0,1eN, (2.45)

where
Cik)=T(1+3)(zk)~"7"?
Cii(k)=1-3mRa;Y,y,5(kR)J 1y /2(kR) (2.46)
Cy (k) =3mRaJi.,,2(kR) k>0,leN,.

The asymptotic behaviour of 4, ,,(k, r) as r>

k>

Yrai(k, 1) r=° (2/ k)" (C3 (k) + C3 (k)" sin(kr = + 8, (k) + O(1) (2.47)

-0
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then defines the phase shifts
81,0, (k) = —tan"(Cy (k)/ Cy (k)
= —tan_'[%ﬂ'Ra,JfH/z(kR)/(l ‘%TTRCYIYIH/z(kR)Jlﬂ/z(kR)]
k>0,leN,. (2.48)
The on-shell scattering matrix is given by

1+a1gl,k(R’ R)

S, (k)=ex 216a1k =
1, ,( ) p(2i8,.,(k)) 1+a;g1,k(R,R)

k>0,leN,. (2.49)

The corresponding effective range expansion (cf [31]) then is
[QI+ )UK cot 6,4, (k)

1 1 1 1 1
= _ —-21-1 —_— —R_21+1<_+—)-——’k2+0 k4
leNg (2.50)

which defines the scattering length a,,, and the effective range parameter r,,, associated
with h;,,
Ao, = R* 1+ aR(21+1)7']"!
1 1 2
a =—RA2'+1(—+—>— leN,.
Moy R 20-1)21+3 0
For further details in connection with (2.50), see [4-6].

Finally we remark that finitely many concentric § sphere interactions can be treated
in analogy to the case of finitely many point interactions (discussed in [1]). If
0<R;<R,<...<Rpy denote the radii of the N concentric spheres centred at the
origin, then the analogue of (2.11) in L*((0, ©)) becomes (cf [16, 18]):

& i+
&
dr- r
D(Rijapir)) ={f € L((0,%))|f, f' € ACioc((0, ©)\{R}); f(0.) =0 if I =0;
S(R1)=f(R.)=f(R), f(R.) = f(R;-) = euf(R));

(2.51)

hl.{a:).{R)

—f"+1(1+1)r *fe L*((0, ®©))} (2.52)
{at={ayy, ..., an} —0< ;=00 IsjsN
{R}={R,,..., Ry} leN,.

In fact, using the techniques of [32], one can treat the case N =oc.

3. Approximations in terms of local scaled short-range Hamiltonians

In this section we show how to approximate h,,, by scaled short-range Hamiltonians
in norm resolvent sense. In addition, we study convergence of the associated on-shell
scattering matrix. Let A,:[0, 00) >R, / €N, be analytic near zero, A,(0.) =0 and denote
by U. the unitary dilation group in L((0, ©)):

(UN(r)=e""f(r/¢) >0 fe L*((0, 0)). (3.1)
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Let V:R->R be measurable, V(r)=0 for r<0, Ve L'((R, )), and define the form
sum ([33, 34]) in L*((0, 0))

h.=ho+A(e)eV((-—R)/e) £>0 leN,. (3.2)
Furthermore let

Ve(r)=(U. VU )(r)=V(r/e) e>0 (3.3)
and introduce the splitting

V. =u.v,

(3.4)
v (r)=|V.(r)|'? u (r)=|V.(r]"? sgn(V.(r)).

In the special case where ¢ =1 we use the splitting V = uv but omit the index £ =1.
The resolvent equation for h;, then takes the form
(he =k =g = Afe)e’gue. (=R)[1+A(e)e 4, (= R)guv. (= R)1 ' u. (= R) g
k’ecp(h,) Imk>0. (3.5)
The scaling behaviour
Ug U =g . Imk>0, £>0 (3.6)
and a translation r-> r+ ¢ 'R, £ >0, then yields

(he = k)" =g~ Ale)e AL (K)(1+ B (k) C. (k) k*ep(h,), Imk>0
(3.7

where the Hilbert-Schmidt operators A;.(k), B;.(k) and C,.(k) in L*(0,)) are
defined via their integral kernels:

Al,s(ka r, r’) :gl,k(ra Er,+R)U(r,)
B (k)= /\,(e)e”lu(r)g,vk(er-k R, er'+ R)v(r") (3.8)
CI,F(k’rs ",)=U(r)g1,k(6r+R, r/) Imk>0,£>0

Next we introduce the following rank one operators A, ,(k), Bjo(k) and C,o(k) with
their respective integral kernels:

Ajolk, r, 'y =g (r, R)o(r)
Bio(k, 1, r'y=11(0)g (R, R)u(r)v(r') (3.9)
Ciolk, r,r') = u(r)gi«(R, r') Im k> 0.

As a technical result we note the following lemma.

Lemma 3.1. For fixed k, Im k>0, the operators A,.(k), B, (k) and C,.(k) converge
in Hilbert-Schmidt norm to A;o(k), Bo(k) and C (k) respectively as £ - 0. .

Proof. By theorem 2.21 of [25] we need only to show weak convergence of the
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corresponding operators and that
lim [| Ay (K2 = | Aok
F“_f& || Bre (k)2 =11 Bio(K) 2 (3.10)
tim |G (k) 2= [ Cualk) -

A simple calculation shows that

||B,,E(k)||§=)t,(£)zs_2‘[ dr"{ driu(r)12|g,‘,((erJr-R,zsr’-+-R)|2|v(r’)’2
0 0

SA}(O)zconstantJ’ dr'!v(r’)!z_[ drlu(r)f <o
0 0

- - (3.11)
HAAMM=J mwwwj dr lgu(r, er'+ R)F <0

0
jcutti= [ arutnf [ arlgaters R P <s
0 0
Weak convergence and relations (3.10) now follow by dominated convergence.

Given the above lemma we get the main convergence result.

Theorem 3.2. Let V:R - R be measurable, V(r)=0for r<0and Ve L'((R,®)). Then
h,. converges in norm resolvent sense to h;,,, as ¢ > 0. ,i.e.if kK’ p(h,,,) then k’ € p(h;,)
for € small enough and

n-— lir(r)l (h. — k! =(h,‘a,~k2)'l (3.12)
where
a,=)\;(O)J. dr V(R) leN,. (3.13)
R

Proof. By lemma 3.1
n- Fll_H)'l (hie — k)= gk — Ai{0)A (k)1 + Bl.O(k))_lcl,O(k)

2 (3.14)
kep(h,) Imk>0.

Since B,o(k) is of rank one, the inverse operator in (3.14) can easily be calculated
explicitly. A comparison with (2.14) then completes the proof.
Remark 3.3. The result (3.12) is of course plausible since

Al(e)e 2V((r=R)/e)=(A(0)+0(e))e 'V((r-R)/¢) e>0
converges to a;8(r = R) in the sense of distributions (cf, e.g., [35] ch 1.2) with «, given
by (3.13).

For the rest of this section we consider stationary scattering theory for the pair (h;,, h;()
and derive short-range expansions with respect to .
We now use the stronger assumptions V: R > R is measurable, V(r)=0for r<0and

R x
J drr|V(r)f+J drr|V(r)| < (3.15)
0 R
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and follow the strategy of [36] in the analogous treatment of point interactions (cf
also [37]). We first recall the (ir)regular solutions F,o(k, r) (resp G,o(k, r)) associated
with A,

Fiolk, ry=T(1+3)(3k) ™22, o kr)

(3.16)
Giolk, r)=3mil(1+3)7' k)2 2HIY, (k) Imk=0, leN,
and the Volterra-Green function
gl,o(k, I, r/):Gl,O(k, r)F,,(,(k, r')—G,_o(k, r,)I:I,O(k’ r) Imk=0, leN,. (3.17)

Then, for r> R, the regular solution F, (k, r) associated with h;, satisfies the Volterra
integral equation

r

Fi.(k,er+ R)= Fo(k, er+ R)—¢ 'Afe) J dr g (er+ R, er'+ R)V(r')F, (k, er'+ R)

4]
Imk=0, >0, leN,. (3.18)
The corresponding Jost function %, (—k) and scattering length a,, are then defined by
F.(—k)=1+A(e)e”? J dr Giolk, r)V((r—R)/e)F, (k, 1) Imk=0. leN,
R
(3.19)
and
a:,5=£_2A:(8)[gz.s(0)]_‘j dr Fio(0, r)V((r—R)/e)F,.(0, r) leNg. (3.20)
R

By (3.18), F;.(k, er+ R) is analytic with respect to £ near £ =0 and a lengthy computa-
tion yields the expansion

F..(k, er+ R)=Fo(k, r)+eF}"(k, r)+0O(e?) Imk=0, leN, (3.21)
where

F{P(k, 1) =T(I+3)(3k)™72

X [r(rl”/zfzﬂ/z(kr))’]r:R + /\;(O)Rl/zjlﬂ/z(kR)

x(r J’dr’ V(r)—J,dr’ r’V(r’))} (3.22)
0 0

and (1+r)~""'0(£?) is uniformly bounded with respect to r=0. Given the expansion
(3.22) it is now straightforward to derive corresponding expansions for #,.(—k) and
a;.. One obtains

F (k)= F (k) +eF' (~k)+O(?) leN, (3.23)
where
F(-k)=1 + a8, «(R, R)

xX

9’5”(—k) = /\;(O)(R(r_lg[,k(r; r))’|r=R+R_lgl,k(R, R)) J drrV(r) (3.24)

+21(0)°gix(R, R)(J‘

0
—J dr V(r)J‘rdr’ r’V(r’))
0 0

a, =a” +eal’+0(e?) leN, (3.25)

drrV(r) J’ dr' V(')
0

and
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where (cf (2.51))

(0
a; —ala,

”=[1+Ra,(21+l)"]“|:2/\}(0)(1+1)R2’”J drrv(r)

0

+/\§(0)2R2'+2<J.x drrV(r) Jr dr’ V(r’)—J dr V(r) J dr r’V(r’))

0 Y]

, x (3.26)
+A7(0)R~’*2J

0

drV(r)j|

x<

— ;R [14 Re, (21 + 1)"]"2[/\}(0)(21-4- nH! J’ drrv(r)

xX r

dr rV(r)J dr’ v(r)

0

+/\;(0)2R(21+1)“<J

0

_Jx dr V(r) J‘r dr'r’ V(r’))].

Finally one can expand the on-shell scattering matrix S, (k) with respect to ¢:
gl,s(k)

Fr(—k)

=SV(k)+eS{V(k)+0O(e?) leN, (3.27)

Sie(k) =

where (cf (2.49))
Si”'(k) = Sq,(k).
SiV(k)=(1+ag (R, R) A0 —R[r 'gulr, N,

+R“g,,k<R,R>>f drrV(r)+A}(0)°g. (R, R)
0

X (J‘x droV(r) J‘r dr’ V(r’)——J’JC dr V(r) J” dr’ r’V(r’))

—(1+ g, (R, R))(1+algl.k(R,R))_z/\f(o)
X(R(r™'giu(r, 1) ],=r+ R'gix(R, R))

XJ drrV(r)+11(0)°g,.(R, R)

X J' drrV(r)err’ V(r’)—derV(r)jrdr’r’V(r’)>. (3.28)

4. & sphere plus point interaction

The purpose of this section is to extend the & sphere model of § 2 by adding a point
interaction concentrated at the origin. Formally the system would be described by

—A+ad(|x]— R)+n8(x) R>0. (4.1)



Exactly solvable models of sphere interactions 3701

Since the model again has spherical symmetry and in addition the point interaction
concentrated at the origin is an s-wave interaction (i.e. it only acts in the angular
momentum sector /=0) [1] we restrict our attention to the case /=0. The minimal
operator in (2.6) for I =0 is now replaced by

. d’
hi= i
@2 (hy) ={fe L*((0,0))| £, /'€ ACioc((0, 20)); f(0.) = f'(0.) =0;
f(RL)=0; f7e L*((0, )} (4.2)
and hence

H'=[-A|CF®R\(3K (0, R) u{0})]”
=[U“hgu®é U 'hUI®1 (4.3)

(with h;, =1, defined in (2.6)) now represents the analogue of the minimal operator
(2.5). Now one can follow § 2 step by step. Since

D(he*) ={fe L*((0,%0))|£, f'€ ACioel(0, ©N\{R}); f(R.) = f(R); "€ L*((0, %))}

(4.4)
the equation
ho* ¢ (k) =k p (k) o(k)e Z(hg*) Imk>0 (4.5)
has two linearly independent solutions:
&, (k, r) =exp(ikr)
k™' sin kr r<R (4.6)
¢:(k, r)z{k"sin kR exp[ik(r—R)] r=R, Imk>0.

Consequently hj has deficiency indices (2,2). In order to cbtain the model (4.1) we
have to select the following two-parameter family of self-adjoint extensions:

_qz__

dr?

D(ho,apn) =11 L2((0, )| f, f € AC,oe( (0, ©N\{R}); f(R.) = f(R_)=f(R); (4.7)
S (R =f(RO)=aof(R), 4mnf(0,) = f'(0.);

f"e L*((0, ))} —00< @y, N <0,

ho.ao.n ==

(In general the four-parameter family of self-adjoint extensions of h} contains boundary
conditions which link the points 0 and R {18].)

The model (4.1) (in analogy to (2.12)) is thus represented by the Hamiltonian in
LA(R%)

H,,= ( U“ho‘a.,.nU@)(?B U“hx.a,U> ®1
1=
: (4.8)

a={a}ien,, —0<agn=®
with h,,,, I=1, defined in (2.11). The special case o =0 describes a point interaction
—4, of strength n centred at the origin, the case n = o yields the § sphere interaction
H,, and finally the case a« =0 and 7 = represents the kinetic energy operator H,.
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Finally we collect some formulae. By Krein’s formula the resolvent of hj, ,, is

(hoan =K = (o= kD7 + Y tn (KN (—K), ) (k)

mn=1

5 (4.9)
k-ep(ho,an.n) Imk>03 —m<a05 nsw
where
w(k)=—ayexp(ikR){[exp(—ikR)+ aok ™' sin kR](47n —ik)+ a, exp(ikR)}™
_ . _] __- —1 .
x[ [y exp(ikR)] '[exp(—ikR) + aok ™' sin kR] 1 ' j' Im k> 0.
1 47n —ik
(4.10)
As in § 2, (4.9) implies
o-ess(ho,a(,.n) = Uac(ho.ao,n) = [Oa w) asc(ho,ao,n) = @ —0< &g, M =00 (411)

and negative eigenvalues of hy, , are determined from det u(iv—-E)=0, E <0, or
equivalently from

(47 +V=E ) ao+2V—E)+ ay(4mn—+v—E) exp(-2v—ER) =0

E <0, —-0<ay, nscx.

(4.12)

Due to the fact that hj has deficiency indices (2.2), (4.12) has at most two solutions
for ageR. If oy =0, then hg ., has infinitely many bound states embedded in (0, %)
accumulating at infinity. The corresponding scattering wavefunction is given by

it
k>0, ayeR, -o<n=sw©

where

C(k)=1+ik(4mn—ik)™'+ aocos kR[ k™' sin kR + (47n —ik) ' exp(ikR)]

D(k)=(4mn —ik) ™' —aok™' sin kR[k™' sin kR + (47n —ik) ' exp(ikR)]. @19

Thus we get the scattering phase shift

o - (k) = tan"" —cr_olkj1 sin” kR(4mn — ik)+.k — 2 exp(ikR) .sin kR

0 (1+agk™ sin kR cos kR)(4mm —ik)+ik + a, exp(ikR) cos kR

k>0, ayeR, —-o<gn=o00. (4.15)

5. & sphere plus Coulomb interaction and generalisations

Now we sketch another extension of § 2 and treat the system formally given by
~A+y|x| "'+ ad(jx| - R) yeR, R>0. (5.1

Since the whole analysis can be carried through as in § 2 after replacing H, by the
Coulomb Hamiltonian

H,=Hy+ ylx|™ Z(H,)= H*(RY) yeR (5.2)

we only sketch some facts and merely provide a collection of relevant formulae.
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The minimal operator in L*(R’) associated with (5.1) is now
H, = [(=A+y|x| ™I CTRN\K (0, R))T”

=é U 'h U®1 (5.3)

1=0

where H,'y are closed minimal operators in L*((0, ©)):

2
fi,_y=—%+l(l;”+%
D (hy,) ={fe L*((0,0))|f, f'€ ACio((0,0)); f(0,) =0 if I=0; f(R,)=0; (5.4)
—f"+ 11+ 1) r 2 f+yr~' fe L2((0, ©))} yeR, leN,.
Since
B (h},) = {fe L*((0,0)|f, /'€ ACoc((0, ©)\{R}); f(0,) =0 if I =0,
FR)=F(R); ="+ 11+ 1)r*f+ yr~"'f e L¥((0, 0))} yeR, leN, (5.5)
the equation
hE, b, (k) =K ¢, (k) b1, € D(hY,) Imk?#0, Imk>0, leN, (5.6)

has the unique solution

Gi,‘/(k9 R)E,y(ky r) TSR

Surlh r)={F,‘,,(k,R)G,,y(k, r) r=R

k#—-iy/2n, neN, Imk>0 (5.7)
where

F (k) =r" exp(ikr)lFl(l+1+ﬁ; 20+42; —2ikr)
) 2k (5.8)

G, (k r)=T(2l+ z)—'r<1+ 1 +;—z>(—2ik)2’“r'“ exp(ikr) U<I+ 1 +%-, 2+2; 2ikr>

are regular and irregular functions associated with h',,y and ,F,(a; b; z) (U(a; b, z))

denote the (ir)regular confluent hypergeometric functions respectively [19]. Thus h,,

has deficiency indices (1, 1) and all its self-adjoint extensions may be parametrised by
d> I(I+1) vy

Mo = TgEt T

Dk ya) ={f € L*((0,0))|f, f'€ ACio((0, )\ [R}), £(0,) =0 if I=0; (5.9)
SR =f(R)=f(R), f(R,)—f'(R.)= ayf(R);
—f"+ 1+ 1) f+yr7 fe L*((0, ©))}

—x<ag=0, leN, vyeR.

The model (5.1) is thus represented by the following Hamiltonian in L*(R?):
H,.=® U 'h,. U1, (5.10)
=0

Next we introduce the Coulomb resolvent

gy = (b, —k?)™ k#—iy/2n, neN, Imk>0, leN,
(5.11)
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with integral kernel

Buudr, 1) = 12:<£ :Elf((: N (>12)
k#—iy/2n, neN, Imk=0, leN,.
In analogy to (2.18) we observe that
& (k r) =g, (R T) k#—iy/2n, neN, Imk=0, leN,. (5.13)
By Krein’s formula the resolvent of A, ,, then becomes
(Hiye,— k)7 =gy —a[1+ ayg i (R, R (¢, (—k), ), (k) (5.14)
k*ep(hya), Imk>0, yeR, -wo<ag=x, leN,.
In a similar way to § 2, (5.14) implies
Oess(Biy,a) = Tacl By ya,) = [0, 0) O Py ) =D
vyeR, —-wo<agsw0, leN, (5.15)
and negative eigenvalues of b, ,, are determined from
1+ ag,v=E(R, R)
=1+a,T(21+2)” 'r<2+1+2\/_)(2¢’—*5) "exp(—2v'—ER)
(5.16)
x F,<l+1+2\/_ 21+2; 2\/—R>
<1+1+2\/_ 21+2; 2¢_R)

E<0Q, —-o<ag=wx, leN,.

For a;eR, (5.16) has at most one solution E;<0 for y=0 and infinitely many for
v <0. The corresponding scattering wavefunctions and on-shell scattering matrices
can now be explicitly determined in terms of confluent hypergeometric functions [4-6].
To avoid to lengthy formulae we only remark that the total phase shift associated with
1.5, splits up into

81y, (k) = 8,,(k)+ 835, (k) k>0, v,oeR, 1eN, (5.17)
where

&, (k)=argT(I+1+iy/2k) k>0, yeR, IleN, (5.18)
represents the pure Coulomb phase shift and

1+ag,,«(R,R)

exPi0L (k) = e (R R)
Y L

k>0, vy, R, leN, (5.19)

describes the interference of short-range and Coulomb (‘sc’) effects. For the calculation
of low-energy parameters, ses also [4-6].
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The treatment above now admits various generalisations. As an example one could
think of adding a point interaction centred at the origin. Formally this amounts to
studying the model

—A+ ylx| '+ ad(|x| - R)+ nd(x) veR, -co<n=sx©, R>0. (5.20)

As in § 4, the additional point interaction (being as s-wave interaction) only affects
the angular momentum sector /=0 in the Hamiltonian H,, treated before [36, 38].
In fact we only have to replace hg, ., in (5.9) by

I(I+1)

2
r

LY

d2
hov’)“ﬂom = _ﬁ-*-

@(ho,y,ag,n) = {fe Lz((oa m))lf;f,E ACIOC((Q! x)\{R}), 477"7f0 =f1;

S(R.)=f(R)=f(R); f(R.) = f(R.) = aof(R);

I D g e (0, ) 52
—0<ay,n<wc, yeR

where [22,23, 36]
fo=£(0) A= lim () = £0) (1 yrInyln)]. (5.22)

The operator (5.20) can again be analysed in terms of confluent hypergeometric
functions. Now we can follow § 4 step by step.

Instead of the Coulomb interaction y|x|™' one can in principle also study systems
of the type [23, 26]

—A+8|x| 2+ elx]" + ab(x| - R)+ nd(x) 8=0, ecR, v>-2, R>0.
(5.23)

We omit the details.

6. &' sphere interaction

This section provides a model where, roughly speaking, the & sphere interaction is
replaced by a 8 sphere interaction, i.e. formally by

-A+B8'(|x|— R) R>0. (6.1)

Following [1, 39], the main trick to treat model (6.1) consists in formally interchanging
the role of f and f’ in the boundary conditions at R in (2.6), (2.8) and (2.11). To the
best of our knowledge this model is new. .

We start with the closed minimal operator H in L}(R?)

A=0 U 'hUuel (6.2)
1=0
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where

: d_2 1(1+1)

h’__drz r?

@(ﬁz) ={fe L*((0,0)){f, /'€ AC0c((0,0)); f(0,)=0if I =0; f'(R.) =0; (6.3)

— "+ 11+ 1)r72f e L*((0, 00))} leN,.
By inspection

D(h¥)={f € L}(0, )| £, /'€ ACucl (0, \{R}); £(0.) =0 if 1=0;

FIR=Ff(R.); —f"+1(1+1)r *fe L*((0, 0))} leN, (6.4)
and hence the equation
B di(k) = Ki(k) &i(k)e D(h}) Imk>0, IeN, (6.5)
has the unique solution
(k) = {?ﬂ(r:in(lL)x/z(kr)/Wr=R1r/12/21(11+)1/z(k") r<R (6.6)
sim(r J,+1/2(kr))|,:Rr HY\o(kr) r>R Imk>0.

Thus I;, has deficiency indices (1, 1) and all its self-adjoint extensions may be para-
metrised by

. __d_2 1(1+1)
hl.Bz_ drz r2
D (hyg) ={fe L*((0,0))] £, f'€ ACoc((0, N\{R}); £(0.) =0 if I =0,
SR =f(R.)=f(R), (6.7)

SR =f(R)=BS(R); =f"+ {1+ 1)r*f e L*((0, ©0))}

—o< B0, leN,.

The model (6.1) is then represented by the Hamiltonian in L*(R%):
Hy=@ U 'k U1, (6.8)
=0

(Actually (6.8) represents again a slight generalisation of the model (6.1) since 8 may
depend on /eN,.) The special case B = (i.e. B, =0, | €Ny) represents the Laplacian
with a Neumann boundary condition on K (0, R) whereas the case 8 =0 (i.e. 8, =0,
leNy) yields the unperturbed Hamiltonian H,.

As in (2.14), Krein’s formula yields the resolvent of I;I.,;,:

(Big,— k)" = (o= k)" + Bi(1 = Bibi(k, R) " (di(—K), - ) di(k)
kKep(hg), Imk>0, —o<B =<0, [eN,.

Given (6.9) we can now produce all results analogous to those in § 2, for example one
obtains

Uess(};l,ﬁ,) = o-ac( E.’,B,) = [O, CD) a.sc(l;l,B,) = @ —0< Bl = CO’ IE N0 (610)
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and negative eigenvalues of 5,‘3, are determined from
1-Bb(iv—E,R)=0 E<0, -o<B <o, leN,. (6.11)
Following the arguments in the proof of theorem 2.3, one sees that (6.11) has precisely
one solution E,< 0 for 8, <0 and no solution for B8, = 0. If 3, =00, there are infinitely
many bound states embedded in (0, ©©0) accumulating at infinity, whereas for 8,eR,

Up(ﬁl,ﬁ,) a [0, w) = @

Finally the corresponding wavefunctions are

. 12 0<r<R
e Pt RN E R
k>0, B eR, leN;
where C;(k) has been defined in (2.46), and
Critk) =143 B (r' 2y o (k)Y | = (r2 Yo 2(kr)) |, - v 6.13)
Cou(k) = =3 B (21 2 (kr))?] -k k>0, leN,.
The asymptotic behaviour of (17,,,3/ as r- 0, k>0, then yields the phase shift
81, (k)= —tan™ (&, (k)/ €14(k))
1 1/2 2
=tan” 1+%Bm(r‘/ii,l:f;er>')+'lli(Rk(rr)‘)”IxrfT:m(kr))’!,=R (6:14
k>0, BieR, leN,
such that the corresponding on-shell scattering matrix is
S.5,(k) = exp(2i&; 5 (k)) =1:—£$§%—1’:—; k>0, BieR, leN,. (6.15)

Finally many concentric 8’ sphere interactions (resp mixtures of 8 and 8 sphere
interactions) can be discussed as explained at the end of § 2. Extensions to n =2 space
dimensions along the lines of remark 2.1 are obvious.

7. &’ sphere plus point interaction
This section is completely analogous to § 4. The model in question is formally given by
~A+ B6'(Jx| - R)+ nd(x) R>0. (7.1)

As in § 4, the additional point interaction only modifies the angular momentum sector
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I=0. In fact the operator (6.3) for / =0 is changed into

hy= —di;
B (hy) = {f € L}((0, )|, f'€ ACioel (0, )); (7.2)
f(0.)=f(0,)=0,f(R.)=0; f"e L*((0,x))}.
Thus
B(h5¥*) ={f e L(0, ©))|f, '€ AC1oel (0, ON{R}); f(R.) = f(R_); f”€ L*((0, 00))}(7 .
and the equation
(k) = K2 (k) F(k)e D(h¥) Im k>0 (7.4)
has two linearly independent solutions
dilk r)=e
dalkr) = {:kincf: kR exp[ik(r - R)] : 11:, Im k> 0. 7

Consequently };6 has deficiency indices (2,2). To get the model (7.1) we select the
following two-parameter family of self-adjoint extensions:

4
0.80,m — dr2
D (ho.g,,) = {f € L*((0, 0)|f; /'€ ACic((0, 0)\{R}); f(R.) = f'(R_) = f'(R);
f(RL)=f(R-) = Bof (R); 470 f(0.) =f'(0.); /"€ L*((0, 0))} (7.6)
—0< By, n=X©,

The model (7.1) is thus represented by the Hamiltonian in L*(R?):
I:IM=<U_'I;O‘BO_,,U®@ U—‘E,ﬁ,u>®1. (1.7)
=1

The special case 8 =0 describes the point interaction —~4,, the case 7 =0 yields the
8'sphere interaction Hg, and finally the case 8 = 0 and 7 = oo represents the unperturbed
operator H,.

At the end we collect some results. The resolvent of I;O,Bn‘,, is given by

-~ 2 ~ -~ -~
(ho,ﬁn,n - kz)_l = (hl,O— kz)‘] + Z=1 lzmn(¢n(_k)a ‘ )d’m(k)

o (7.8)
k Ep(hO,Bu.n) Im k>0, “°O<Bo,77$°°

where

a(k)=—PBoik exp(ikR){(4mn —ik)[ik ™' exp(—ikR)+ B, cos kR]+ Boik exp(ikR)} ™"

><[—(ik"exp(—ikR)+Bocos kR)(Boik exp(ikR))™! 1 ]
1 47n —ik
Im k>0. (7.9)
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This implies

Uess(h"o.ﬁn,n) = Uac( h~0,/3”,n) = [05 CD)

Tl Fo,n) =& —0< By, n <. (7.10)

Moreover 50.30,,7, Bo€R, has at most two negative eigenvalues which are determined
from det g (iv — E) =0, E <0, or equivalently from

(47 +V=E)2+ B~ —E)+ BV —E (47 —v—E) exp(-2V=ER)=0 E<o0.
(7.11)

For By=, ﬁo‘x‘n has infinitely many eigenvalues embedded in (0, ) accumulating
at infinity. The corresponding phase shifts are given by

Bok cos® kR(4mn —ik)+ k + Boik® exp(ikR) cos kR
(1+ Bok sin kR cos kR)(4mn —ik)+ik+ Byik” exp(ikR) sin kR

50‘30‘”(1() =tan™'

k>0, ByeR, —-wo<pso©, (7.12)

8. &' sphere plus Coulomb interaction

Here we mimic §5 in the case of 8’ sphere interactions, i.e. we study the formal
expression

~A+y|x|"'+B8'(|x|- R) vyeR, R>0. (8.1)

Again the trick consists essentially in interchanging f and f' in the boundary conditions
at R in (5.4), (5.5) and (5.9).
Thus we start with the minimal operator in L*(R?)

A,=0 U'h.Uusi (8.2)
=0

where

5Iy=_<_13+l(ltl)+z

’ dr r r

D) =4S & L((0, )|, 1€ ACie((0,%)); (0.) =0 if 1=0; f'(R.) =0; (8.3)
—f”+1(l+1)r_2f+‘yr"f€Lz((O,oo))} vyeR, leNg.

From

D(ht,)={f € LA(0, 0)|f, '€ ACioe( (0, ©)\{R}); £(0.) = 0 if [=0; f'(R.) = f(R_);
—f' I+ 1)r2f+yr7 fe LA((0, 0))} yeR, leN, (8.4)

we infer that the equation

B, (k) =k&, (k) &,(k)e@(ht) Imk*#0, Imk>0, leN,  (8.5)
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has the unique solution (cf (5.8))

(G, (k1)1 -rFiy(k 1) r<R
[Fiy(k 1] =Gy (k1) r>R

k#—iy/2n, neN, Imk>0.

b1k, r) = {
(8.6)

Hence }?,‘y has deficiency indices (1,1) and all its self-adjoint extensions may be
parametrised by

. & I+ vy

e = T g2 7 +;

D(Riy) ={f€ L*((0,00))|f, f' € AC1oe((0, ©)\{R}); f(0.) = 0 if 1 =0; )
(R =[f(R)=f"(R),f(R.)—f(R)=Bif(R),
—f"+ 11+ D)2 +yr7 fe L*((0, 00))}
—o<B=0, leN,, vyeR.

The model (8.1) is thus represented by the Hamiltonian in L*(R?):
gv,3=é U_I;;LV.B/U®1' (8.8)

1=0

Now one can follow § 5 step by step, for example the resolvent of h~,,y.,3/ is (cf (5.12))
(Rrys = K)7" = gLk + Bil1 = Bid iy (K, R)) (1, (=K), )by, (K) ©9)
kcp(h ), Imk>0, yeR, -oo<B =<0, leN,.

This implies
Tessl Biy) = TaclBi) = [0, 0) Tielhiyp) =2 .10
yeR, —-wo<B =00, leN.

The bound-state equation for 5,,,,3, then becomes
1-Bé,,(iWV—E,R)=0 E<0, —co<g=<x, leN,. (8.11)

Equation (8.11) has at most one solution E;<0 for y = 0 and infinitely many for y <0.
If B, =00, then Pf,,,,oC in addition has infinitely many bound states embedded in (0, o)
accumulating at infinity.

Again the corresponding scattering wavefunctions and on-shell matrices can now
be explicitly determined in terms of confluent hypergeometric functions. The total
phase shift associated with k5 can be written as (cf (5.18))

810 (k) = 8,,(k)+855,(k) k>0, v, BeR, IeN, (8.12)
where
1-Bdi,(k R)
1-Bid;,(k R)

Finally we emphasise that generalisations analogous to those described at the end
of § 5 obviously can be carried through in the present case. For instance, the model
formally given by

-—A+y|x"'+B§'(|x|—R)+ny(x) vyeR, R>0 (8.14)

only affects the angular momentum sector / = 0 in the Hamiltonian I:I,,'ﬁ discussed above.

exp(2i83S,(k)) = k>0, v, B eR, leN,. (8.13)
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In fact we only need to replace P;om,j” in (8.8) (cf (5.21)):
2
d +l(1+1)+2

ho.y0m = Tdr 2 v

D(hoypom) = {f € L2((0,0))|f, '€ ACioc( (0, ©\{R}); 47 fo = fi; (8.15)
S(R)=f(R)=["(R); f(R:)—f(R_) = Bof'(R);
=+ 11+ 1) r2f+yr ' fe L*((0,©)) —0< By, s, YR

which can again be analysed in terms of confluent hypergeometric functions.
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